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Abstract: This paper presents the theoretical findings from a parameter study on a conventional, unimorph,
piezoelectric energy harvester. An analytical model has been developed which provides accurate representation of
various geometrical changes, allowing confident predications in the power generated over a resistive load. One
analysis has been carried out in this paper whereby the position, length and thickness of the piezoelectric layer are
varied to maximise the power output of an energy harvester. The dimensions of the substrate layer are fixed at
50 × 5 × 0.7 mm. Through a parameter study, for an acceleration of 9.81 ms-2, the power across a 100 kΩ resistor
was increased by 67.6 % - from 0.734 mW to 1.23 mW.
Keywords: Energy harvesting, Energy scavenging, Piezoelectric, Parameter study, Finite element method

INTRODUCTION
The last decade has experienced a rapid growth in
research within the field of vibrational energy
harvesting. Devices which convert vibrational energy
into electrical energy are highly appealing as battery
replacements for numerous applications. The three
electromechanical transducers which accomplish this
are piezoelectric [1], electromagnetic [2], and
electrostatic [3]. The majority of publications on
energy harvesting are related to piezoelectric devices,
the conventional type being a unimorph. There is a
large amount of literature and ongoing research on
improving the energy harvester design [4, 5], however,
a lack of work on a fundamental cantilever parameter
study. A basic parameter study could help improve the
efficiency of devices and increase the generated power.
Parameter studies have been carried out in the past
but the majority of models used for the energy
harvester ignore coupling between the electrical and
mechanical aspects of the system. Eggborn [6] has
performed a comparable parameter study to the one
presented here but the model created was limited to a
very thin layer of piezoelectric material and ignored
electromechanical coupling. Recent efforts on
modelling a non-uniform beam for energy harvesting
were undertaken by Liao and Sodano [7]. The
developed model has similar capabilities to the one
proposed, however, the authors did not use their model
to carry out a dimensional parameter study.

THEORY
Two variables which are vital in obtaining reliable
predictions for the generated power are the natural
frequencies and mode shapes of the structure. While
changing certain structure geometries, for example the
0-9743611-5-1/PMEMS2009/$20©2009TRF

position of the piezoelectric layer, the beam becomes
irregular and therefore modelling it as a uniform beam
is inaccurate. In the presented analytical model, the
finite element (FE) method is used to obtain the
natural frequencies and mode shapes. The beam is
modelled as three large sections, each comprising of
smaller elements, (Fig. 1).

Fig. 1: Non-uniform beam created by moving the
piezoelectric layer.
Each element is defined using the following mass
and stiffness matrices:
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The matrices for each element are then assembled to
produce the global mass and stiffness matrix for the
entire structure. The model has been validated using
Abaqus CAE and the percentage difference in the
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natural frequency, for various beam configurations,
was found to be below 1.5 %.
The expression for generated power is obtained by
making modifications to Erturk and Inman’s
distributed parameter electromechanical model for
cantilevered piezoelectric energy harvesters [8]. The
final equation is shown below:
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where bp is the piezoelectric layer width, hc is the
distance between the neutral axis and the top of the
piezoelectric layer and hb is the distance between the
neutral axis and the bottom of the piezoelectric layer.
τci is the inverse time constant given by:
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φr ( x ) is the rth eigenfunction. φr is the forward modal

coupling term given by:
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Table 1: Material properties, structural dimensions
and electromechanical parameters used for the
analysis.
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The developed analytical model was used to
determine the effects of various parameters on the
generated power. In the following analysis steel is
used for the substrate layer and PZT for the
piezoelectric layer; the material properties and
structure dimensions are provided in Table 1. All the
results presented in paper are calculated at the first
natural frequency of the structure and only the first
vibrational mode is used in Eq. 3. This is a valid
modelling step as, at the fundamental frequency, the
contribution of other modes on the displacement is
negligible. The input acceleration is kept constant at 1
g and the damping ratio is assumed to be 0.01.

where Y is the input amplitude, Lb is the length of the
beam, m is the beam’s mass per unit length and
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Where γr is the modal damping ratio, ωr is the rth
natural frequency and ω is the excitation frequency. Nr
is the modal forcing term given by:
2

tp

where Rload is the resistive load and C is the
piezoelectric capacitance.

Rload

Y ωr

=

Substrate length (mm)
Substrate width (mm)
Substrate thickness (mm)
Young’s modulus of the substrate (GPa)
Density of the substrate (kg/m3)
Young’s modulus of the PZT (GPa)
Density of the PZT (kg/m3)
Piezoelectric constant (m/V)
Permittivity (F/m)

(5)
,

where Ep, Lp and tp are the piezoelectric Young’s
modulus, length and thickness respectively, d31 is the
piezoelectric constant, εS33 is the permittivity, tpc is the
distance between the centre of the piezoelectric layer
x
and the neutral axis, and [ dφ dx ] 2 is the difference in
x1

Effect of Length
The first variable discussed is the length of the PZT
layer (Fig. 2). The width and thickness of the PZT
layer remain constant at 5 mm and 1.02 mm,
respectively.

the slope of the eigenfunction evaluated at the ends of
the piezoelectric layer. Rr is the backward modal
coupling term given by:
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,
Fig. 2: Adjusting the length of the piezoelectric layer.
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clamped end. Naturally, the strain experienced by the
PZT layer reduces as it is moved towards the beam’s
free end. However, placing the layer only a small
distance from the clamped end favours power
generation since the stiffness of the structure is
reduced allowing greater bending.
This can be expanded by examining the effect of
increasing the length of the PZT layer from the free
end. Fig. 5 shows the results obtained, and they
indicate, for a load resistance of 121 kΩ, the power
can be increased from 0.457 mW to 1.26 mW when
the PZT layer is moved 2.5 mm from the clamped end.

Fig. 3 shows that the trend between generated power
and PZT length varies with the magnitude of the load
resistance. For a load resistance of 41 kΩ the
maximum power is 0.912 mW, which occurs when the
PZT layer covers the entire beam length. If the load
resistance is increased to 1 MΩ the maximum power is
0.260 mW which occurs for a much shorter, 8 mm,
length of PZT.
The magnitude of the inverse time constant, τci, is
mainly responsible for the varying trend. For a small
resistance this term is dominant in the power
expression (Eq. 3) and increasing the PZT length
reduces the magnitude of τci thereby benefiting the
generated power. As the load resistance increases other
terms have a greater significance and a different trend
is observed.

Fig. 5: Trend in power output while altering the
piezoelectric start position, thereby changing its length,
and the load resistance.
Fig. 3: Trend in power output while modifying the
piezoelectric length and the load resistance.

Effect of Width
Lastly, the effect of width is discussed. For this
scenario, changes are made to both substrate width and
PZT width. The results show over a small resistance it
is highly advantageous to use a wider beam. For load
resistance of 16 kΩ doubling the beam width from 2
mm to 4 mm increases the power from 0.172 mW to
0.536 mW. On the other hand, if the load resistance is
large, for example 501 kΩ, the power only increases
from 0.196 mW to 0.230 mW. In this case it is better
to use multiple narrower beams rather than one wide
beam.

Effect of Position
The position of the PZT layer is the next parameter
to be examined. The width and thickness remain as
before however the length is now fixed at 25 mm. The
PZT layer is initially clamped along with the substrate
layer and then moved to various locations on the beam.

Changing Multiple Parameters
One issue with altering geometrical parameters is
that the natural frequency of the system also changes
[9]. However, this problem can be overcome by
altering multiple parameters simultaneously. When the
piezoelectric layer is moved away from the clamped
end, the stiffness of the structure reduces, causing a
reduction in the natural frequency. This can be
counterbalanced by increasing the thickness of the
piezoelectric layer thus maintaining a constant natural
frequency. The natural frequency of the system is
413.9 Hz when the piezoelectric layer covers the entire
beam length. If the layer is moved 0.25 mm from the

Fig. 4: Trend in power output while modifying the
piezoelectric position and the load resistance.
Fig. 4 shows that, for a load resistance of 196 kΩ,
the power can be increased 3 fold by attaching the PZT
layer 4 mm from the clamped end rather than at the
378

Table 2: Results from a parameter study in which the natural frequency of the system remains constant - 413.9 Hz
Power obtained when the PZT covers the entire substrate layer (mW)
10kΩ
25kΩ
50kΩ
75kΩ
100kΩ
500kΩ
1MΩ
0.582
0.866
0.899
0.819
0.734
0.239
0.128
Parameter change

10kΩ

Optimisation for maximum power over various resistance loads
25kΩ
50kΩ
75kΩ
100kΩ
500kΩ
1MΩ

Start position of PZT layer
from the clamped end (mm)
Length of PZT layer (mm)
Thickness of PZT layer (mm)

0

0.25

0.5

0.58

0.63

0.65

0.65

50
1.02

49.75
1.16

49.5
1.44

49.42
1.61

49.37
1.81

49.35
2.02

49.35
2.02

Power generated (mW)

0.582

0.886

1.08

1.17

1.23

0.882

0.538

clamped end, so its length is 49.75 mm, then the
thickness needs increasing to 1.16 mm to maintain the
natural frequency. Table 2 shows an optimisation of
piezoelectric position, length and thickness while
maintaining a constant natural frequency. For the
majority of load resistances it is advantageous to
slightly alter parameters in-order to maximise the
power output. Taking a unimorph with a 50 × 5 × 0.7
mm substrate layer covered by a 50 × 5 × 1.02 mm
piezoelectric layer the power generated over a 100 kΩ
resistor, with an input acceleration of 1 g, is 0.734 mW.
By attaching a 49.37 × 5 × 1.81 mm piezoelectric layer
0.63 mm from the clamped end, 1.23 mW can be
generated – equating to a 67.6 % increase.
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