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Abstract: This paper presents the analytical modeling of the nonlinear dynamics of a DC battery-charged
vibration-to-electricity energy converter. Prior design of such converters relied on simplified linear modeling or
time-domain simulation. The electromechanical dynamics of the conversion was thus over-simplified or
overlooked. In this paper, an equation-based modeling methodology is presented. Optimal design and maximum
output power are obtained by solving the nonlinear equations of motion. It is found that optimized converters can
generate significant power only for a limited range of design and operation parameters. Over certain range of
parameters, the converters can not operate stably.
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1. INTRODUCTION
Low power CMOS VLSI technology has enabled
the development of applications such as wireless
sensor networks or personal health monitoring. In
these applications, lifetime and maintenance of the
power supply is critical. Recently, energy scavenging
from ambient natural sources, such as vibration and
ambient heat, is attracting much interest as selfsustainable power sources. Among various approaches,
electrostatic vibration-to-electricity conversion is
promising due to its compatibility to IC processes and
the ubiquity of vibration source in nature.
Electrostatic vibration-to-electricity micro power
generators can be charged by an auxiliary power
supply and operated in DC mode [1]. Prior design of
such generators relied on simplified linear modeling [1]
or time-domain simulation [2-5]. The nonlinear
electromechanical dynamics of the energy conversion
cycles was thus over-simplified or overlooked. In this
paper, an equation-based modeling methodology is
presented. Exact solutions of the system are obtained
by solving the nonlinear equations of motion for a
given set of design and operation parameters. Optimal
design and maximum output power can thus be found
by searching a range of these parameters.
Since the output power of a vibration-driven
converter is related to the characteristics of the
vibration source, a typical vibration of 2.25 m/s2 at
about 120 Hz, found in a number of household
appliances, is used as the energy source for the design
of the optimal generator in this paper.

energy is converted into electric energy through the
increase of voltage of the constant charge on the
variable capacitor. To achieve high conversion
efficiency, the charge-discharge cycles must be timed
precisely by SW1 and SW2 with the change of the
capacitance.
The variable capacitor design for matching the
vibration source and load resistance is related to the
coupling of mechanical and electrostatic forces. In
steady of simulation or linear approximation, an
equation-based modeling is proposed in order to solve
the system dynamics analytically. In the design flow,
static analysis is first conducted to obtain guidelines
for the overall parameters of the converter, including
the output power and the load. The geometrical design
of the variable capacitor is directly related to the
seismic mass. Finally, dynamic analysis is conducted
to determine the amplitude of the shuttle mass under
the electrostatic coupling. The overall system
optimization can be found by searching a range of

these parameters.
2.1 Analysis
In the charge-discharge cycles, Cv has a constant
charge Qmax and Qmin after charging and discharging,
respectively. The charge ratio Qr is defined as the ratio
of the charges on the variable capacitor,

Qr = Qmin / Qmax .

The voltage on the variable capacitor changes from

2. PRINCIPLE AND ANALYSIS
The operation of the DC converter is shown in
Figure 1 [1]. The circuit is composed of an auxiliary
power supply Vin such as a battery, a vibration-driven
variable capacitor Cv and an output storage capacitor
Cstor connected with the load RL. Cv is charged by Vin
through SW1 at its maximum Cmax, and discharged to
Cstor through SW2 at its minimum Cmin when the
terminal voltage is at its maximum Vmax. Mechanical
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Fig. 1: Operation of the electrostatic energy converter.

fixed combs

d

z(t)
bm

k0
m

A
y(t)
movable combs

ke

Fig. 3: The variable capacitor has initial gap d and
oscillation amplitude A.

Fig. 2: Schematic of the conversion dynamic model.

Vmax to Vo instantaneously when SW2 is closed at Cmin .
The output voltage Vo can be found from the charge
balance between Cmin and Cstor after they are connected
by SW2. Vmax and Vo are related by Vo =QrVmax . As a
result, the load and the output power can be expressed
by
RL =

Qr
,
2 fCmin (1- Qr )

2
Pout =2 fCminVmax
Qr (1- Qr ) ,

(2)

(3)

where the f is the vibration frequency. Therefore, Qr
can be used as a unique parameter to describe the
performance characteristics in the design optimization.
In the dynamic modeling as shown in Figure 2, the
equation of motion of the system can be written as

 m z+
 (k0 +ke ) z=-my ,
mz+b

(4)

where z is the displacement of the shuttle mass with
respect to the device frame, y is the displacement of he
device frame caused by the vibration, bm z is the
mechanical damping force. The electrostatic force kez
on the variable capacitor Cv with a constant charge Q
is equivalent to a spring force with a negative spring
constant ke that is proportional to Q2 [1]. Since Q
alternates between Qmax and Qmin in steady conversion
cycles, the total spring constant of the system is
therefore a function of time,

k1 = k0 + ke,max , z (t ) z (t ) < 0, Q = Qmax
k (t ) = 
,
k2 = k0 + ke ,min , z (t ) z (t ) > 0, Q = Qmin

(5)

related to the oscillating amplitude A of the shuttle
mass [1],
−2 N ε L f hdVin2
ke,max =
,
(7)
( d 2 − A2 ) 2
ke,min = ke ,max Qr2 .

(8)

Therefore both the system and its response are
unknown before analysis. In previous analysis based
on simulation software such as Simulink [5, 6], various
values of system parameters, such as mass m and
mechanical spring constant k0, were tried in the
simulation to find the best design. However, this
approach is time-consuming and global optimization is
difficult. In this paper, we demonstrate a new
analytical modeling based on the equation of motion.
System parameters such as ke and system repsonse
such as A are treated as unknowns in the analytical
solution of the equation of motion. Numerical
solutions can be applied to find these unknowns.
Standard algorithms can also be applied to optimize
the system expressed in analytical forms.
Since the equation of motion in Eq. 6 is a
piecewise linear second-order differential equation, the
two solutions z1 and z2 of the displacement function z
can be written as the sum of general solutions and
particular solutions [7],
z1 = e-ξ1ω1t ( C1 cos ωd 1t + C2 sin ωd 1t ) + z p1 (t )
z2 = e-ξ2ω2t ( C3 cos ωd 2t + C4 sin ωd 2t ) + z p 2 (t )

,

(9)

where z p1 and z p 2 are particular solutions .
Figure 4 is an illustration of the charge-discharge
conversion cycles and oscillation of the shuttle mass.
There are two identical conversion cycles in one
1/f

and the system is piecewise linear as expressed by

Charge Q

discharge

The variable capacitor with initial gap d has
oscillation amplitude A when excited by the vibration,
as shown in Figure 3. The difficulty in analyzing such
a system is that the electrostatic spring constant ke is

Qmax
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mz1 + bm z1 + k1 z1 = -my, z (t ) z (t ) < 0
.
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Fig. 4: Typical dynamic behavior of the shuttle mass.

vibration period; the second cycle is in the opposite
direction with respect to the first one, as shown in
Figure 4. To solve the piecewise linear equations, the
time scale is set to start (t = 0) when the shuttle mass is
at one of its maximum displacement. There is also a
time delay ∆T between the excitation y and response z.
For steady and smooth oscillation, certain boundary
conditions must be met between z1 and z2 as shown
below
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where α is a parameter depicting unequal speeds
during z1 and z2. In these boundary conditions, Eq. 10
means the velocity at both ends of displacement is
equal to zero; Eq. 11 shows the amplitude at both ends
is equal and its value is A; Eq. 12 shows that the
displacement at center is zero; Eq. 13 is the continuity
of velocity at center.
2.2 Calculation Results
Seven unknowns of the system dynamic response,
namely C1, C2, C3, C4, α, ∆T, and A, can be solved
from the above equations for a given set of device
design and operation parameters. These parameters
and their ranges for optimizing the converter for
maximum output power is shown in Table 1 under a 1cm2 area constraint. Sr is the ratio of the capacitor area
to the total chip area. It is positively related to the
variable capacitance; however it should be limited for
the robustness of the structure in actual design.
Because the equations are highly nonlinear, the
nonlinear solver FSOLVE in Matlab was used to find
the numerical solution. For small amplitude, the
system can be approximated as linear. The solution of
this linear system was used as the initial guess for the
nonlinear solver. Once the numerical solution was
found for the current set of optimization parameters, it
could be used as the initial guess for the next set of
parameter values. These steps were repeated until the
entire range of the parameters was solved to find the
optimized design.
Figure 5 shows an example of calculated
amplitude and output power versus vibration
frequency for a particular set of optimization
parameters. It can be seen that the oscillation
amplitude of the mass increases gradually as the
frequency approaches the mechanical resonance. The
output power increases with increasing amplitude so
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function of vibration frequency.
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Table 1: Optimization parameters and their range.
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Fig. 6: System energy at four instants of oscillation.
that the system energy loss becomes larger near
resonance. This limits the growing trend of the
response between 120 and 130 Hz shown in Figure 5.
As desired, the maximum amplitude and output power
occurs at the targeted 120 Hz. However, Figure 5 also
shows a range of frequency between f1 and f2 where
numerical solutions could not be found, indicating no
stable oscillation can be established in this range of
frequency. The phenomenon can be explained from the
viewpoint of system energy. Figure 6 shows the total
system energy, including the kinetic energy,
mechanical spring energy, and electrostatic capacitor
energy, at different instants during oscillation. The
output energy is the difference between the total
energy at center before and after discharging. As the
system approaches the resonance at f2 with reducing
frequency, the output reaches maximum and the

energy left in the system after discharging becomes
equal to the energy of the system at maximum
displacement. As the trend in Figure 6 shows, the
system will not have enough energy to move from
center to ends if the driving frequency is further
reduced beyond f2. Similar observation can be found at
f1 and therefore there is no stable oscillation in
between.

Table 2: Design for max output power below 40 V.
With 4-gm mass Without mass
47 µm

69 µm

Surface ratio Sr

0.7

0.15

Charge ratio Qr

0.3

0.6

38.1 µW

0.87 µW

Initial gap d

Output power Pmax

3. OPTIMIZATION
From the above calculation, the output power can
be maximized with respected to the initial capacitor
gap d, area ratio Sr, and charge ratio Qr over the range
in Table 1. Figures 7 and 8 are contour plots of power
and output voltage versus area ratio Sr and initial gap d
with and without external mass. These figures
correspond particularly to Qr = 0.3 and Qr = 0.6,
respectively, for which the maximum power was found.
Constant-voltage contours are represented by the thick
lines in the plots. To allow the integration with power
management circuits, the output voltage is limited to
40 V. Under these conditions, the maximum power is
38.1 µW and 0.87 µW for a device with and without a
4-gm external mass, respectively. The optimized
design is summarized in Table 2.
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Fig. 7: Output power and voltage contour plot with 4gm external mass.
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New modeling methodology and optimization
parameters were introduced. System dynamics and
performance characteristics were found by solving the
equations of motion numerically. Optimal design
under restricted area and voltage could be determined.
It was found that optimized converters could generate
significant power only for a limited range of design
and operation parameters. Over certain range of these
parameters, the converters could not operate stably.
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